The physics of quantum impurities coupled to a many-body environment is among the most important paradigms of condensed matter physics. In particular, the formation of polarons, quasiparticles dressed by the polarization cloud, is key to the understanding of transport, optical response, and induced interactions in a variety of materials. Despite recent remarkable developments in ultracold atoms and solid-state materials, the direct measurement of their ultimate building block, the polaron cloud, has remained a fundamental challenge. We propose and anlalyze a unique platform to probe time-resolved dynamics of polaron-cloud formation with an interferometric protocol. We consider an impurity atom immersed in a two-component Bose-Einstein condensate, where the impurity generates spin-wave excitations that can be directly measured by the Ramsey interference of surrounding atoms. The dressing by spin waves leads to the formation of magnetic polarons and reveals a unique interplay between few-and many-body physics that is signified by single-and multi-frequency oscillatory dynamics corresponding to the formation of many-body bound states. Finally, we discuss concrete experimental implementations in ultracold atoms. Understanding the role of interactions between an impurity and its environment is a fundamental problem in quantum many-body physics. A central concept for the description of such systems is a "dress" of collective excitations surrounding the impurity, also known as the polaron cloud or Fermi gas of atoms [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . This allowed to take first steps to explore physics of polaron beyond the Fröhlich paradigm and the Anderson orthogonality catastrophe [48] [49] [50] [51] [52] . Despite these remarkable developments, measuring its ultimate building block, the polaron cloud, has remained a challenge not only in ultracold atoms but also in solid-state materials. A major difficulty stemmed from the elusive nature of polaron cloud as it is associated with subtle density change in the environment arising from the interaction with the impurity.
Understanding the role of interactions between an impurity and its environment is a fundamental problem in quantum many-body physics. A central concept for the description of such systems is a "dress" of collective excitations surrounding the impurity, also known as the polaron cloud [1] . It crucially determines thermodynamic and transport properties of a wide variety of condensed matter systems including doped semiconductors [2] , metallic ferromagnets [3] , high-temperature superconductors [4] , 3 He-4 He mixtures [5] , and perovskites [6] . Meanwhile, recent experimental realizations of imbalanced mixtures of ultracold atoms have opened up new possibilities for studying polaron physics in a highly controlled manner. Until now most studies focused on impurities interacting with a single-component Bose-Einstein condensate (BEC) or Fermi gas of atoms [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . This allowed to take first steps to explore physics of polaron beyond the Fröhlich paradigm and the Anderson orthogonality catastrophe [48] [49] [50] [51] [52] . Despite these remarkable developments, measuring its ultimate building block, the polaron cloud, has remained a challenge not only in ultracold atoms but also in solid-state materials. A major difficulty stemmed from the elusive nature of polaron cloud as it is associated with subtle density change in the environment arising from the interaction with the impurity.
In this Rapid Communication, we show that the use of Ramsey interferometry performed on bath atoms can overcome the challenge and allows a direct measurement of polaron-cloud formation in real time. Applying it to impurity atoms immersed in a two-species Bose-Einstein condensate (BEC), we analyze impurities interacting with a magnetic environment and study the impact of polaron-cloud formation on the many-body environment. The setup is illustrated in Fig. 1(a) ; the host BEC atoms provide an artificial ferromagnetic medium in which the impurity is dressed by spinwave excitations, leading to the formation of a magnetic polaron. In previous setups [7-19, 21, 24-31] , the impurity is By applying a π/2-pulse, the host bosons are initially prepared in an equal superposition of spin ↑-and ↓-state. The interaction between the impurity and host atoms induces spin dephasing, which is measurable by Ramsey interferometry. (b) Depending on the impurity-boson scattering lengths a IB,↑↓ , the system is characterized by the existence of zero, one, and two many-body bound states (regions I, II, and III). The diagram is plotted for a boson-boson scattering length aBBn coupled only to phonon excitations and observing its cloud formation poses a daunting challenge due to the difficulty to measure a minuscule density change around the impurity. In contrast, a magnetic polaron is dressed by a spin-polarized cloud created from changes in spin configurations [53] . It is this magnetic dressing that enables one to directly measure the polaron cloud by performing Ramsey interferometry on surrounding atoms, revealing its rich out-of-equilibrium dynamics. As a striking feature that is not readily attainable in solidstate systems, we find that the polaron cloud is composed of many-body bound states in the strong-coupling regime. This leads to a unique 'phase diagram' of the polaron cloud ( Fig. 1(b) ), which characterizes distinct oscillatory real-time dynamics in the many-body environment ( Fig. 1(c) ). Moreover, our scheme can effectively enhance signal amplitudes from the impurity because the impurity creates multiple excitations in the bath that can be directly detected in experiments. This novel protocol can be transferred to a multitude of experimental systems [54] [55] [56] [57] [58] [59] [60] in which interferometric schemes are readily available. Our approach thus implies possibilities for enhancing the detectability of impurity physics in a way different from previous studies, where the impurity itself was probed either by radio-frequency [9, 22, 23, 34, 35, [40] [41] [42] or interferometric measurements [49] [50] [51] 61] and thus the signal amplitudes were intrinsically limited by the number of impurities.
Model.-We consider an impurity of mass m I having no internal degrees of freedom and being immersed in a weakly interacting two-component spinor BEC of atoms of mass m B ( Fig. 1(a) ). The system is described by the Hamiltonian
wherê
accounts for the background BEC of density n B . The interaction between the impurity and the host bosons is given bŷ
andĤ I =P 2 /(2m I ) is the kinetic energy of the impurity.
The operatorsâ kσ (â † kσ ) annihilate (create) the host bosons with wavenumber k and spin σ =↑, ↓, and k = 2 k 2 /(2m B ) is their dispersion relation. The momentum (position) of the impurity is described byP (R). We assume spin independent interactions between the host bosons characterized by the single parameter g BB as realized for many bosonic species [62, 63] . In contrast, the interaction between the impurity and the bosons is spin dependent and given by g IB,σ , which are related to the scattering lengths a IB,σ by the LippmannSchwinger equation [64] .
To realize an effective magnetic environment, we initially prepare a superposition state of the pseudospin-1/2 BEC:
NB |0 , with N B being the number of host bosons. Due to the SU(2) symmetry ofĤ B , the internal dynamics of the background bosons of homogeneous density causes no decoherence. In contrast, scattering with the impurity breaks this symmetry and induces spin dephasing of the medium. Dealing with a two-component BEC, the collective excitations in the bath correspond not only to phonon ('charge') excitations -as in the case of a single-component BEC-but also spin-wave ('magnon') excitations. The generation of the latter leads to spin dephasing of the medium or, equivalently, dressing of the impurity by magnons. Following the standard procedure of transforming to the frame comoving with the polaron [65] , we obtain the effective Hamiltonian [64] :
Here,P in this frame represents the total momentum of the system (we consider the caseP = 0 hereafter),
are the total boson momentum and the dispersion relations of the charge and spin wave excitations, respectively. The excitations are annihilated (created) by the operators,γ c,s
±1 , as well as u k and v k as the coefficients of the Bogoliubov transformation. We also introduce the average and difference of the interaction parameters as g ± IB = (g IB,↑ ± g IB,↓ )/2. When g − IB = 0, the imbalance in the impurity-boson interactions switches on spin-charge interactions and generates spin waves. While the first two lines in Eq. (4) describe the generalization of Fröhlich polaron-type physics [66] to magnon dynamics, the last two lines account for the strong coupling physics that leads to the formation of magnetic polaron bound states.
Interferometry.-The real-time dynamics of the polaron cloud can be probed through Ramsey interference of bath atoms. Starting with a bath in the ↑ state, a first π/2 pulse is used to prepare a superposition of ↑ and ↓ as described above. After the system has evolved for a time t, an additional π/2 pulse is applied and the population N ↑ of bath atoms remaining in the ↑ state after the Ramsey protocol is measured. This directly gives the value of the spin-excitation number N s (t) = k γ †s kγ s k . One can thus explicitly deter-mine the number N s (t) of spin-wave excitations in the polaron cloud by measuring the atomic population N ↑ after the Ramsey sequence. While we so far analyze the case of a single impurity, our results can be applied to a finite density of impurities as long as the impurity density is sufficiently low such that impurity-impurity interactions remain negligible, as realizable in experimental systems. The interferometric signal N s = N ↑ is then proportional to the number of impurities and can take a value approaching even a substantial fraction of bath atoms such that it is readily detectable with the current techniques [49] [50] [51] 61] . This allows a precise and timeresolved determination of the number of excitations generated in the polaron cloud, which has been challenging to achieve in the previous setups [7-19, 21, 24-31] .
Quantum spin dynamics.-The formation of magnetic polarons leads to distinct quantum dynamics of the polaron cloud. To demonstrate this, we invoke the time-dependent variational approach [67] . In particular, we employ a projection onto the submanifold of the Hilbert space spanned by the product of coherent states
where α 
where the matrix M and vector F are independent of α c,s k . The stationary solution |Ψ mpol of Eq. (S4) contains nonzero spin and charge excitations and represents the magnetic dressed polaron with energy E mpol = Ψ mpol |Ĥ|Ψ mpol . Figure 2 shows the number of spin and charge excitations N s,c (t) for different scattering lengths a IB,σ in the regions I, II, and III, where the system supports zero, one, and two bound states ( Fig. 1(b) ). In the absence of bound states, while N c (t) eventually saturates, N s (t) grows as ∝ √ t and easily exceeds one (panel I in Fig. 2 ). As a consequence, the observable signals N s = N ↑ can significantly surpass the number of impurities. In contrast, in the conventional measurements acting on the impurity [9, 22, 23, 34, 35, 40-42, 49, 50, 61] , the number of detectable signals are strictly limited by that of impurities. In this regard, interferometric probes acting on the environment can provide a new way to effectively enhance experimental signatures of impurities.
The unbounded generation of spin waves originates from the quadratic nature of the magnon dispersion relation [64] . Importantly, collective excitations having quadratic lowenergy dispersion ubiquitously appear in many other setups such as fermionic gases [54, 55] , multi-component BoseEinstein condensates [56, 57] , and Rydberg or dipolar gases [58] [59] [60] . This implies a wide applicability of our protocol because interferometric tools of atomic spectroscopy are readily available in these vastly different systems.
Magnetic dressed bound states.-The presence of bound states triggers single-and multi-frequency oscillations in the number of the spin and charge excitations (panels II and III in Fig. 2 ). These two different oscillatory dynamics reflect the formation and coupling of many-body bound states, respectively. To gain further insights, we consider the variational wavefunction
which accounts for bound states consisting of single spincharge excitations bound to the magnetic polaron, i.e., the collective object of the impurity dressed by surrounding manybody excitations. We determine the eigenmodes ψ c,s
of the equation of motion for the state (7) which yields the eigenvalue equation [64] (a Here a
, which, together with
k ). Depending on the scattering lengths a IB,σ , Eq. (8) has zero, one, or two solutions determining the phase boundaries in Fig. 1(b) . These boundaries are modified with respect to the corresponding two-body problem as a result of the manybody character of the bound states. In the two-particle problem, a dimer bound state of energy dim = 2 /(2m red a 2 IB,σ ) (m red = m I m B /(m I + m B )) exists for each positive scattering length a IB,σ . As a result, there are four distinct regions corresponding to the presence or absence of each bound state, i.e., the impurity bound to a host ↑-or ↓-boson. Remarkably, the many-body phase diagram in Fig. 1(b) does not show the corresponding four distinct regimes. Instead, the exchange of magnetic excitations hybridizes the bound states with the medium, resulting in a unified region II.
In this region II, we find that the oscillation frequency governing the bath-spin dynamics agrees with the bound-state energy calculated from Eq. (8) (inset of panel II in Fig. 2 ). In contrast, in region III, the bath-induced coupling between the two bound states manifests itself as a shift in the oscillation frequencies from the bare bound-state energies and also as a large peak at the difference of the two energies (inset of panel III in Fig. 2 ). This effect can be understood as a polaronic nonlinearity introduced by the magnetic medium [68] , which induces strongly coupled oscillators dynamics, analogous to polariton-polariton interactions [69] and competing orders in strongly correlated electrons [70] . As we depart from the strongly interacting regime, the coupling of the two bound states weakens and the oscillation frequencies eventually converge to the bare bound-state energies given by Eq. (8) [64] .
Experimental implementation.-A large number of BoseBose and Bose-Fermi mixtures allow for the observation of magnetic polaron physics. As one possible example, we consider here a Bose-Bose mixture of 41 K-39 K atoms. We identify two miscible states | ↑ = |F = 1, m F = 1 and |↓ = |F = 1, m F = 0 of 41 K as the host bosons and |i = |F = 1, m F = 1 of 39 K as the impurity. In this case, the |↑ − |i interaction can be tuned using a Feshbach resonance at 500 G [71] . The imbalance in the scattering lengths of the two-component host bosons is less than 0.4% [72] . While such a small breaking of the SU(2) symmetry can in general induce decoherence of the atomic spins, we confirmed that the effect is negligible compared with the spin dynamics induced by the impurities [64] .
In Fig. 3 , we plot the energy ω bound of the magneticdressed bound state as calculated from Eq. (8) . The result is shown in the vicinity of a Feshbach resonance where a IB,↑ takes a large positive value, while a IB,↓ is determined by a small, positive background value. As shown in the inset of a large number of observable excitations N s (t) in the bath, which can exceed the number of impurities. Here we note that the large spin-excitation number N s (t) is a direct measurable quantity in the proposed Ramsey protocol and can reach to O(10 4 ) for a typical number N B = 10 5 and small, relative impurity density n I /n B = 0.1. Moreover, the underlying shallow bound state triggers oscillatory dynamics whose frequency is characterized by the bound-state energy that can be typically ∼ 10 kHz, which should be detectable in the time resolution realized in the current experiments [50] . While this oscillation frequency corresponds to a temperature scale T /k B 500 nK that has been already achieved in several experiments [50, 73, 74] , we note that our predictions should be accessible in higher temperatures by, for example, localizing the impurities around the center of the system [50] or by performing local measurements [52] . We note that there are also other candidates for bath atoms such as 87 Rb and 23 Na, where the imbalance in the scattering lengths can be small enough to observe the predicted phenomena [62] [63] [64] .
Conclusions and Outlook.-We showed that the real-time dynamics of the polaron cloud can be directly probed by employing many-body Ramsey interferometry of bath atoms around the impurity. Analyzing an impurity immersed in a two-component Bose gas, we demonstrated that the generation of spin excitations is the key signature of magneticpolaron formation and found unique out-of-equilibrium dynamics in the strong-coupling regime such as the characteristic oscillatory behavior governed by the underlying bound states. Our protocol acting on the environment rather than the impurity itself can effectively enhance signal amplitudes of impurities owing to a generation of multiple observable ex-citations (per impurity) in the environment. This leads to a novel route for observing few-body physics beyond conventional spectroscopy [9, 22, 23] and loss measurements [75] whose signal amplitudes are intrinsically limited by the number of impurities. A generalization to large spin spinor BECs [76] and the use of in-situ imaging techniques [77] [78] [79] [80] [81] can provide new insights in polaron physics. It remains an open question to clarify the role of magnon-mediated interaction [82] , potentially leading to an instability of fermionic gases.
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Supplementary Materials Derivation of the effective Hamiltonian
We first derive the effective Hamiltonian given by Eq. (4) in the main text. To take into account the initial macroscopic population of the host bosons in the k = 0 mode, we expandâ 0σ around â 0σ = N B /2. Here the factor of 1/2 accounts for the fact that the bosons are prepared in a superposition of ↑-and ↓-states. We then diagonalize the bath Hamiltonian (Eq. (2) in the main text) using the Bogoliubov transformation:
Here we introduce the coefficients
The resulting expression for the total HamiltonianĤ of the system iŝ
To simplify the problem, we transform to the frame comoving with the polaron by using the unitary operatorÛ = e iRPB witĥ P B = k k(γ †c kγ c k +γ †s kγ s k ) (we set = 1). This leads to the effective HamiltonianĤ =Û †ĤÛ given by Eq. (4) in the main text. We note that, in this frame,P becomes the total momentum of the system and commutes with the effective Hamiltonian H and is thus a conserved quantity. We also note that the vertex functions that couple to the spin sector acquire an additional momentum dependence when the SU(2) symmetry of the bath is broken.
The equations of motion and the stationary solution
In this section we provide the full expressions for the equations of motion for the variational parameters, given by Eq. (7) in the main text, and derive their stationary solution. As outlined in the main text, the evolution equations for the amplitudes α 
where P is the total momentum of the system and
. From the rotational symmetry of the system (for the considered case of a polaron at zero momentum, P = 0), the form of our variational wave function, and its initial condition, it follows that we can set P B = 0 in the course of the time evolution. Thus, as expressed in Eq. (7) in the main text, the above equations reduce to linear inhomogeneous equations for α 
Here we introduce
When the interaction between the impurity and the two-component host bosons are not equal, i.e., g − IB = 0, the stationary solution α s k is non-zero and the magnetic polaron is formed. The energy of the magnetic polaron is given by the expectation value E mpol = Ψ mpol |Ĥ|Ψ mpol with respect to the stationary state
. Using the solution (S5) and expressing the interaction strengths g IB,σ in terms of the scattering lengths a IB,σ by the Lippmann-Schwinger equation,
we obtain
where
These expressions are fully regularized and the momentum cutoff Λ, introduced in Eq. (S7), can be taken to infinity.
Derivation of the eigenvalue equation
The energy of the magnetic-dressed bound state is given by the eigenvalue equation (9) of the main text. To derive this equation we consider the ansatz
In this state a single phonon and magnon excitation is added to the magnetic polaron |Ψ mpol which allows to fully account for the underlying two-body bound states. The equations of motion for ψ c,s
In order to find the eigenmodes of these equations, we assume the solutions of the form ψ c,s k ∝ e −iωt which oscillate in time with frequency ω. Substituting this ansatz into Eqs. (S11) and (S12), we obtain the equation
where we define
(S14) Equation (S13) has nontrivial solutions only if the determinant of the matrix on the left-hand-side vanishes. Expressing the interaction strengths g IB,σ in terms of the scattering lengths a IB,σ via Eq. (S7) and collecting the leading terms in the limit of Λ → ∞, we obtain the equation (see Eq. (9) in the main text)
Solving this equation for ω gives the bound state energy ω bound .
Asymptotic scaling of a generation of spin excitations
As shown in the panel II in Fig. 2 in the main text, the number of spin-waves generated obeys an asymptotic √ t behavior at long times. This behavior can be understood from a simple scaling argument. For the sake of simplicity, let us neglect interactions between different momentum modes and consider the simplified Hamiltonian where different sectors of momentum k are decoupled:
Hereγ k denotes a spin or charge annihilation operator at momentum k and we assume V −k = V k . In the non-equilibrium problem such as the one studied in this work, the number of excitations n k in the mode k will in general oscillate. However, for times larger than t > 1/ω k , one can give a simple scaling argument for the behavior of n k . At such times, the occupation of excitations have a scaling γ k ∝ V k /ω k and thus n k ∝ (V k /ω k ) 2 as can be seen from an inspection of the equation of motion.
Let us then consider the total number of excitations at time t. We identify all modes k satisfying ω k t > 1, i.e., the modes |k| > k * where k * is determined by ω k * t = 1, as contributions to the excitations. Using the estimate n k ∝ (V k /ω k ) 2 , we then integrate over these modes to find for the spin excitations
Here we use the fact that for the spin sector V k = const., and the magnon dispersion relation scales as ω k ∝ k 2 , leading to k * ∝ 1/ √ t. We emphasize that collective excitations satisfying these simple scalings can ubiquitously appear in a variety of systems such as multi-component Bose-Einstein condensates [56, 57] , fermionic gases [54, 55] , and Rydberg or dipolar gases [58] [59] [60] .
In contrast, for charge excitations, one has V k ∝ √ k and the dispersion is linear ω k ∝ k at small k, leading to k * ∝ 1/t and n k ∝ 1/k. Hence, if integrated from k * to infinity, the total number of charge excitations diverges in the ultraviolet (UV) limit. This suggests that the main contribution to N c comes from the UV limit. At such a large momentum, however, we can use the same scaling argument as for the spin excitations. Since this gives a convergent result in the UV limit, we expect that the number of charge excitations should soon reach a constant number and saturate, in agreement with our numerical findings.
We note that the √ t behavior remains observable also in the presence of a small imbalance in the boson-boson scattering length (i.e., broken SU(2) symmetry). In this case, the magnon dispersion relation has a linear low-energy contribution and the number of spin excitations will ultimately saturate. However, since the imbalance in scattering length is typically very small, we expect a large time window for which the √ t behavior remains valid before saturation. Specifically, let t = t * be the time scale at which k * (determined by ω k * t = 1) reaches a small value such that the magnon dispersion becomes linear for k < k * . Under this condition, the scaling argument given in Eq. (S16) remains valid as long as t < t * . Hence we expect that t * is long enough to experimentally observe the √ t behavior.
Coupled oscillators dynamics in the presence of two bound states
When two bound states are present (defining the regime III shown in Fig. 1(b) of the main text), the spin and charge excitations exhibit multi-frequency oscillations. Remarkably, continuum modes in the bath mediate a coupling between the two bound states. As a consequence, the oscillation frequencies found in the spin dynamics are shifted from the "bare" eigenfrequencies that are determined by the magnetic bound state energies given by Eq. (9) in the main text.
To clarify this point further, we show in Fig. S1 the dynamics of bath spins for varying scattering lengths. When both states are weakly bound and close in energy (i.e., both scattering lengths are large and take on similar values), the coupling between the two bound states can be strong enough to induce shifts in the oscillation frequencies as shown in Fig. S1(a) . In this regime, a large peak placed at the difference of the two oscillatory modes indicates a strong coupling of the two bound states. As the strength of one of the scattering lengths is decreased, while keeping the other unchanged, the coupling of the two bound states becomes weak and the oscillation frequencies eventually converge to the 'bare' bound state energies indicated by the dashed black lines (see Fig. S1(b)-(d) ). As the energy gap between both states increases, the gradual decoupling of the two bound states can also be seen as a decrease of the peak height at the difference between the two oscillatory mode energies.
Decoherence induced by a difference in the scattering lengths of host bosons
In the main text, we assumed that the scattering length a BB between host bosons is independent of the spin components σ =↑, ↓. However, in practice, there exists typically a small imbalance in the boson-boson interactions. For example, identifying the hyperfine states |F = 1, m F = 1 and |F = 1, m F = 0 as ↑-and ↓-state, respectively, the imbalance in scattering lenghts Then, by denoting · · · as the expectation value with respect to |Ψ BEC (t) , the time evolution of the spin operator becomes
where we used the expressions of the Bogoliubov transformations (S22). The second term in Eq. (S27) represents the decoherence factor induced by the spin-dependent internal interactions between the host bosons. The integral over (ũ s k ) 2 roughly equals the number of excited particles, which is typically less than 1%, andṽ s k is on the order of r. Thus, the decoherence factor can be estimated by the multiplication of these two factors.
As an example, we assume an imbalance r = 0.01. Then the total decoherence factor induced by the internal dynamics (S27) is about < 10 −6 which is negligible compared to the dephasing induced by the impurity. Figure S2 shows the time evolution of the decoherence given by Eq. (S27) for the imbalance parameters r = 0.01, and 0.1. Our numerical finding supports the above estimate of the decoherence factor. In particular, the decoherence is still greatly suppressed even for an imbalance in the boson-boson scattering lengths of about 10%. Thus, our predictions on the magnetic polaron dynamics studied in the main text should be detectable also using a miscible pair of hyperfine states of 23 Na by identifying, for instance, |F = 1, m F = 1 as the ↑-state and |F = 1, m F = 0 as the ↓-state, leading to an imbalance ∼ 8% [63] . For this choice, 40 K [9] will be the most promising candidate for the impurity atoms.
